
 

Rings and Fields Definitions

Definition
A ring

is a set R equipped with two binary

perations t and such that or identity

R t is an Abelian Group
T x inverse at a

Rix is a Mons d c Ir identity
Inverses don't necessarily
exist

a btc ax b ax c

and H a b c e R
atb xc axe axe

R x is commutative it in addition

drop notation

4 a b b a V a b E R
Non

commutativeCommutative
d I

E Z 1 xl it xl.CZ uz 1 x Mulk 1 x

Definition Let R be a ring
We
say

at R

is invertible a unit if I be 12 such that
denoted a

ab b a le We denote the units by R

Example Il Q't I 03 Muck GLuUR
Pr m R't x is a group
1 R a monoid R x a group

I



Observation Or x Orton x Or x a Or X

Or x OR tf x C R

Definition The trivial ring is the ring with one

element K lex Or x On Voce K

R trivial OR Ip

Definition
R t x is airing it

Y R non trivial
every non zero element is

2 R't Rico invertible

A commutative division ring is called a field

Examples Q IR CI Elp z p prime

Remarkable Fact There exist non commutative
division rings

Example The Quaternions denoted It
usual vector addition

At R t

strange non commutativeC IR
multiplication

L a L LT E IR



multiplication in It dot product in 1123rs I I
I I

rye s y
E R

cross product in 1123

Remain
Y l boo O oooo

7 There is a more direct way to define in HI

HI XI t x y 2 K I T se y z E IR and

if II III htt

Historically this is where the definition of the cross

product in 1123 comes from Very non obvious

Z TR G IH are the Finite dimensional Vector

spaces with structure at a derision ring
Jetinition Let R be a ring R is an integral domain

I

Y R non trivial

4 R commutative

ab Op a Or or b OR

Example 2 Q R E Elp z p prime
Non example Mutu IR h z Zlab z aib I

P on R a field R integral domain

Exercise I
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If R is an integral domain and a b c c R a 10

ab ac b c

Prot ab ac ab ac or a b c ora Or
b c or b C II


